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Annoramnus: [lokaszano, 9T0 B KJjlacce KOHEYHO-Pa3HOCTHBIX CXeM sl ypaBHeHuii MakcBejuia ¢
YIIy4IIeHHBIMU JUCIIEPCUOHHBIMUA CBOMCTBAMHU BBIIIOJHAETCS aHaJIOl 3aKOHa COXPaHEHUs SHEPIuu.
CyirecTBOBaHHE ITOrO 3aKOHA IIOJIE3HO IPU UCIOJB30BAHUHU CXEM U ODECIIEYMBAET WX UUCICHHYIO
yeroitunBocTh. IlogpaszymeBaeTcs, YTO ypaBHEHUS OIMMMCHIBAIOT CPEJLY, COCTOSIIYIO U3 PA3IMIHBIX Ma-
TEpUaJIOB C YaCTOTHOU JHUCIIEPCUEIE.

KuroueBble cjioBa: KOHEYHO-PA3HOCTHAs cxeMa, ypasBHeHusi Makcpesuia, cxema u, pa3zHOCTHBII
aHaJIOr 3aKOHA COXPaHEHUsl SHEPI'HH, YpaBHeHus MakcBessia ¢ YaCTOTHOM JucIiepcuell, KOHTaKTHAs
TpaHUIIA.

Baarogapaoctu: Pesynbrarsl uccienoBanmii, mpecTaBieHHbIe B pa3/iesax 2 U 3, MOJLy9eHbl B paM-

Kax rocymapcrBennoro 3aganust Munobpraayku Poccun st @Y UBT. dpyrue gactu 31oit paboTh
BBITIOJTHEHBI B paMKax rocygapcrsennoro 3ajganust UBMuMI' CO PAH FWNM-2025-0001.

Hdasa uurtupoBanusi: 2Kykos B.II., ®@emopyk M.II. 3akoH coxpaHeHusl HEpruum s AHAJO-
ros cxem Un // BeraucimrenbHble MeTOIBI W nporpammuposanue. 2026. 27, Ne 2. 216-226. doi
10.26089/NumMet.v27r215.

1. Introduction. The existence of analogs of conservation laws of initial differential equations is a positive
property of finite-difference schemes. For example, in modeling the impact of laser pulse on the material the
key value is the pulse energy absorbed by the material. This value determines the modification of the material
[1-6] . The reproducing of energy conservation law by a scheme is very important in this case. Especially if the
modeling demands large computational resources and it is impossible to find a solution with high accuracy in
respect to all features. Even two-dimensional laser-matter interaction problems [2, 5, 6] are resource-intensive,
not to mention three-dimensional ones [3, 4, 7]. In addition, the existence of the energy conservation law
provides numerical stability of the scheme [8].

In the presented paper it is shown that a class of the schemes [9] for Maxwell equations taking into
account optic properties of materials has energy conservation law similar to the law for the initial equations.
These schemes are based on the Yee scheme [10], but they are more advanced compared to it in respect to the
dispersion properties and a description of an interface between different materials.

The paper is organized as follows. In section 2, the mathematical model and the finite-difference scheme are
described. Then, in section 3 the proof and a view of the energy conservation law are presented. In Conclusion
some notes about possible generalization of the received results are discussed.

2. Mathematical model. The equations of the Drude model [2, 6] are used as initial equations in
the presented paper. The model is described using the following physical quantities: refractive index n, the
coefficient of laser radiation absorption « (due to, for example, photoionization), current J of free electrons


https://road.issn.org/
https://orcid.org/0000-0001-6008-2114
mailto:zukov@ict.nsc.ru
https://orcid.org/0000-0001-6136-8624
mailto:mifester@gmail.com

a 218 BBIYUCJIMTEJIBHBIE METOOBI 1 ITPOTPAMMIPOBAHHNE / NUMERICAL METHODS AND PROGRAMMING
2026, 27 (2), 216-226. doi 10.26089/NumMet.v27r215

with a density p, mass m and charge e. It is assumed that a friction with coefficient v forces on free electrons.
For brevity, we write dimensionless equations directly:

9 (n*E) 5
o = wpd +crot B — aE, (1)
oJ
ot v (2)
B
aa—t = —crotE, (3)
divB = 0.

Here w? = 4mpe? /m is a square of plasma frequency. To solve (1)-(3) a finite difference scheme using a cubic grid
is employed. Each cubic cell of the grid with the edge size h and the center in the point x; 11,2, yj41/2, 2k+1/2 (or
i+1/2,j+1/2,k+1/2) is occupied by a material with optic coefficients nf+1/27j+1/27k+1/2, W i+1/2,541 /2,541 /2>
QGiy1/2,j4+1/2,k+1/2> Vit1/2,j+1/2,k+1/2- Lhe perpendicular to the cube face components of electric field and the
current are calculated in the center of the face. Different cells can contain various materials. Therefore, the
component of electric field can be discontinuous. For this reason, two values for electric field and current with
an upper index (%), calculated by optical coefficients in neighbor cells, are used. Magnetic field components
parallel to the cube edge are calculated in the center of the edge. Such the scheme is similar to the Yee scheme
[9]. The difference is that the values with tilde (see below) are used for the approximations of operator rot. This
provides better reproducing of dispersion properties of (1)—(3) and a more reliable solution on the interface.

The finite-difference equations (1)—(2) have the following view [9]:

. /2 pEn-1/2 o, JEnT1/2 +Ja(c:'t'?n71/2+
i+£1/2,5+1/2,k+1/2 - = Wpit1/2,j+1/2,k+1/2 D)
Bzz‘,j+1,k+1/2*Bzz‘,j,k+1/2 Byi,j+1/2,k+1 *Byz‘,j+1/2,k Ei:l.:.)'n+1/2+E£:|.:.)'nfl/2
o1 - = —Qt1/2,541/2,k+1/2 5 . (4)
S e g | peys S | e
- =- 5 = Vit1/2,j+1/2,k+1/2 5 . (5)

For brevity, in (4), (5) the notation i, j + 1/2, k + 1/2 is replaced by - --”.

, B2 _ gln-i/2 , JEmH2 | gCon-1/2
it 1/2,5+1/2,k+1/2 - = Wpit1/2,j41/2,k+1/2 B +
Bxi+1/2,j,k+1 *Bxi+1/2,j,k Bzi+1,j,k+1/2*Bzz‘,j,k+1/2 Eg(,j.t)nJrl/Q—&-Eg(,j.E,?n_l/z 6
+ he—1 - he—1 —QG41/2,541/2,k+1/2 9 , ( )
JEMHIE g1z gl gl SRRy g1
. o . = 9 Y —Vit1/2,541/2,k+1/2 ! D) i . (7)

For brevity, in (6), (7) the notation i + 1/2, j, k + 1/2 is replaced by “---”.

) Ei:ﬁ:)n—&-l/Q . Eg:ﬁ:)n—l/Q ) Jz(:t)n+1/2 + Jz(:l:)n—l/Q
Ni11/2,541/2,k+1/2 - = Whig1/2,j41/2,k+1/2 5 +
N Byivijeijzn = Byijripn  Baivijgiie = Brivijpge o R > S
he—1 he—1 i+1/2,54+1/2,k+1/2 9 )
(8)
JEInF2 _ gGEn-1/2 T2 | pEn-1/2 JEIH2 | gGn=1/2
- = - B — Vit1/2,5+1/2,k+1/2 9 . 9)

The symbol “---” means i + 1/2, j + 1/2, k in (8), (9).
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In its turn, the components of magnetic field with tilde are defined as

~n

Boiviy26 = Briviy2,6 T 0(BLitsa e — 2Briviy2j6 + Brici2,jk) (10)
~n
Byijvion = Byijiipn 0By jispn — 2By i1/ + Byij_1/2k)s (11)
~n
B.ijkt12 = Blijui1e t0(BYijriase — 2B jkv1je + BLije—1/2)- (12)

The equation (3) is approximated in the following way:

~n+1/2 ~n+1/2 ~n+1/2 ~n+1/2

n+1 n
Bm+1/2,j,k - Bri+1/2,j,k _ Eyi+1/2,j,k+1/2 - Eyi+1/2,j,k71/2 B Ezi+1/2,j+1/2,k - Ezi+1/2,j71/2,k (13)
cT h h ’
n+1 ~n+1/2 ~n+1/2 ~n+1/2 ~n+1/2
Byi,j+1/2,k - B;i,j+1/2,k _ E, i+1/2,5+1/2,k — Hzi-1/2,j+1/2k Em‘,j+1/2,k+1/2 — Hrij+1/2,k—1/2 (14)
cT h h ’
n+1 _pn En+1/2 En+1/2 ~n+1/2 ~n+1/2
zi,j,k+1/2 Zijk+1/2 _ Pwij+l/2k41/2 7 Peij-1/2k41/2  Dyitl/25k+1/2 7 Pyi-1/2.5k+1/2 (15)
cT h h ’
where
~ (+)n+1/2 E(*)n+1/2
~n+1/2 cij+1/2k+1/2 T Loiji1/2.k41/2
Eoijt1/zk1/2 = 5 : (16)
= (+)n+1/2 _ a(H)n+1/2 (—)n+1/2 (+)n+1/2
zi,j4+1/2,k+1/2 — Emi,j+1/2,k+1/2 + 2U(Exi+1,j+1/2,k+1/2 - Eri,j+1/2,k+1/2)7 (17)
=(=)n+1/2 _ (—)n+1/2 (+)n+1/2 (=)n+1/2
xi,j+1/2,k+1/2 = Hrij+1/2,k+1/2 + QU(EIiflxj*Fl/z,kH*l/? - wi7j+1/2,k+1/2)7 <18>
= (+)n+1/2 = (—)n+1/2
~n+1/2 vit1/2,5k+1/2 T Eyiti/2 6412
Eyi+1/2,j,k+1/2 = 9 s (19)
= (+)n+1/2 _ p(H)nt1/2 (—)n+1/2 (+)n+1/2
yit+1/2,5,k+1/2 T Fyit1/2,5,k+1/2 + 2U(Ey i+1/2,54+1,k+1/2 yi+1/2,j7k+1/2)7 (20)
=(=)n+1/2 _ (—)n+1/2 (+)n+1/2 (—)n+1/2
yi+l/2,5,k+1/2 = Hyit+1/2,5,k+1/2 + QU(Ey i+1/2,j—1,k+1/2 yi+1/2,j,k+1/2)> (21)
~(+)n+1/2 ~(=)n+1/2
~n+1/2 zi+1/2,5+1/2,k + Ezi+l/2,j+1/2,k
Ezi+1/2,j+1/2,k = 2 ) (22)
= (+)n+1/2 _ (+H)n+1/2 (=)n+1/2 (+)n+1/2
zi+1/2,541/2,k = Fzit1/2,54+1/2,k + QU(EZ i4+1/2,54+1/2,k+1 zi+1/2,j+1/2,k)’ (23)
=(=)n+1/2 _ (—)n+1/2 (+)n+1/2 (—)n+1/2
zi+1/2,5+1/2,k = Fzi+1/2,5+1/2,k + 2U(Ezi+1/2,j+1/2,k—1 - zi+1/2,j+1/2,k)' (24)

Similarly to (16)—(24) notations with tilde for current J can be introduced. The value o = 1/12 is necessary
for better reproducing of dispersion properties of initial equations [9].

3. The derivation of energy conservation law. To derive the energy conservation law for (4)—(24) an
infinite computational domain and a solution tending to zero at infinity are considered. This allows not to pay
attention to the limits of the summation indexes. Omitting for brevity subindexes x, j+1/2, k+1/2 in (4)—(5)
and writing down them separately for (+) and (—), we get

Ei(-l-)n+1/2 7Ei(+)n—1/2 ) Ji(+)n+1/2 +Ji(+)n—1/2 Ei(—&-)n—&-l/Q +Ei(+)n—1/2
Mit1/2 - —Wpit1/2 5 + Qg1 9 =
_ Baijrikiye = Beijrie - Byijrswin — Byijiian (25)
het he1 ’
J1(+)n+1/2_Ji(+)n—1/2 _E§+)n+1/2+E§+)n—1/2 Ji(+)n+1/2+Ji(+)n—1/2

T - 9 - Vi+1/2 9 P (26)
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p(Int1/2 _ plom-1/2 JEInt/2 g (n=1/2 EInH/2 | p(o)n=1/2
n?_l ) ) i _w2i—1 ) 4 4 +O‘i71/2 % [ —
/ T pi=1/ 2 2

“n =n ~n ~n

_ Beigrinsre = Beiganizz - Byigiipprin = Byigeajan o)
he! he1 ’

JInt1/2 _ g(=)n=1/2 g2 | p(o)n=1/2 JOnt/2 | p(=)n=1/2
% % — _ i — v 4 i . 28
T 2 -1/ 2 (28)
Multiplying (25) by (B; "%+ B T), 26) by w2,y (10724 00, ey by (BT
E’E_)n_lm), (28) by w§i71/2 (jg—)n+1/2 + 31(._)"_1/2), and summing the results of the multiplication with each

other (here notations with tilde for current J are similar to (16)—(24)) and over all nodes of the grid, we obtain
2
ZZ {ni+1/2 (E£+)7l+1/2 N E§+)n—1/2> <E£+)n+1/2 _ Ei(+)nf1/2) n
T
gk

2
n Whit1/2 (3§+>n+1/2 n ji+>n—1/2> ( Jm1/z _ Ji(+)n—1/2) N

T 7
2
Woi ~ n ~ n— —
I pz;—l/Q ((J(_+) +1/2 +JZ(_Jr) 1/2) (Ei(—&-)n-&-l/Z +Ei(+)n 1/2) _

K3

_ (EZ(_+)TL+1/2 _'_El(Jr)n*l/?) (Ji(+)n+1/2 +Ji(+)n_1/2)) I

(67 ~ n+1/2 ~ n—1/2 n n—
++Tl/2 <E£+) +1/ +E§+) /)(Ei(+) +1/2+E¢(+) 1/2)+

2
+Vi+1/2 (;)p i+1/2 (:]Z(_Jr)nJrl/Z i j£+)n71/2> (JZ»(+)7L+1/2 " Ji(+)n_1/2> } n

2
i_1/2 (=(=)n+1/2 = (=)n—1/2 —)n+1/2 —)n—1/2
+§. > {/<Ei 4B )(E§)+/—E§> /)+

J.k 1 T
2
N Wpi—1/2 <<~]E*)n+1/2 i jz(_*)nfl/Z) <Ji(—)n+1/2 _ Ji(—)n—l/2> I
T
2
Wi ~(—)n ~(—)n— —n —In—
+ p12—1/2 ((JE ) +1/2+J§ ) 1/2> (Ez( ) +1/2+E¢( ) 1/2)_

_ (EE—)H+1/2 +E§—)n—1/2) (Ji(f)n+1/2 n Ji(f)nq/z)) i

n Oli_21 /2 (EE*)nJrl/Z +E£7)n71/2) (Ei(—)n—i-l/Z +Ei(—)n—1/2> T
V;_ w2, ~(=)n ~(=)n—
n 1/2 2pz—1/2 (JE ) +1/2+J2(_ ) 1/2> (Ji(_)n+1/2+‘]i(_)n_l/2>} _

_ ZZ <E§+)n+1/2 N Ez('+)n_l/2 N Eg_)n+1/z N EE_)n_1/2) "

~=n ~=n ~=n ~=n
< e (Bzi,j+1,k+l/2 - Bzi,j,k+l/2 Byi,j+1/2,k+1 - Byi,j+1/2,k
h h '
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Let shift index 4 in the second sum to calculate optic coefficients in the first and second sum in the same
points. This leads to the following continuation of the previous equality:

ZZ { U [T | B (pmiss _ plon-irz)

# (BT BT (B - )

2
N Whit1/2 Kj(+)n+1/2 " :]l(.+)n71/2> (Ji(+)n+1/2 _ Ji(+)n—1/2> +

T %

~(=)n+1/2  ~(—)n—1/2 n+1/2 —Yn—1/2
(T ) (A )+

+ wgi+1/2 [(j(+)n+1/2 n j(+)n—1/2) (E_(+)n+1/2 +E_(+)n—1/2) B
B) i i i i
_ (E§+)n+1/2+E(+)n 1/2) (Ji(+)n+1/2+Ji(+)n—1/2) I

~(=)n+1/2  ~(-)n—-1/2 —In+1/2 —In—1/2
+ (Ji+1 +Jin ) (Ez(-i-l) Y +E§+i / )*

- (Ez(;inﬂ/g + E£+in 1/2) (Ji(;l)nJrl/z + Ji(Il)nil/Q)} +Dz i+1/2 }

_ 2022 ( n+1/2 ~n 1/2) (Bzi,j+1,k+1/2 - Bzi,j,k+1/2 _ Byi,j+1/2,k+1 - Byi,j+1/2,k> ' (29)

h h
Dissipative term D7 i1/2 has a view
n Qit1/2 [ #(H)n+1/2 | =(+)n—-1/2 nt1/2 a1/
Diivry2 =5 [(E’ +E; )(E() 2+ B /)+

< (“)n+1/2 1/2 S IRV
+ <E£+:)Ln / +Ef+in / ) (E7F+i e +Ez'(+% 1/2)] +

2
N m+1/26:p¢+1/2 [<jg+)n+1/2 n j§+)n71/2) (Ji(+)n+l/2 n Ji(+)n—1/2> i

F (I T (g )

Using (16)—(18) and analogous formulas for J, equation (29) can be rewritten in the form
7 ~ n+1/2 n n+1/2 n
Syt [ e )

~ n—1/2 n— n—1/2 Nn—
_(EZ(_H /E(+) 1/2+E5+i /Ez'(-s-i 1/2)}+

wp i+1/2 (H)n+1/2 (4)n+1/2
R (], J!
-

+ )n+1/2j( )n+1/2)

+ Jz-i—l 1+1

7 <(~]§+)n71/2JZ§+)n—1/2 + JE in 1/2Jl(+1)n 1/2)] JrDMH/Q} =

n+1/2 ~ n 1/2 B:i j+1,k+1/2 = B:i ,k+1/2 BZZ j+1/2,k+1 BZi,j—i—l/Q k
— 2 ( ) 9, i J _ iz K . 30
55> ( : . 0
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o E( )+E§+1Ez(+£ =

It should be noted that for the interesting case o < 1/4, the quantities such as E
Indeed, using (17), (18), one can get

BB + GBS - (B9 +20 (BG) - B9)) B0 + (B + 20 (B0 - BGY)) BS) -
2 2 2
= (B) + (BS) —20 (B - L) =
) ) ) )
= (Ez ) + (Ei+1> (1 —20(cosp —sinp)?) > (E ) + (EZH) (1-4o),

: _ z+1
Jey ey

where

Cos p =
J(ED) + (50)

The terms with 7 in (30) are differences of positive values evaluated at the time layers n +1/2 and n — 1/2
respectively. The dissipative term D7, | /2 is also positive.
Analogously, for brevity, let us write B}} instead of B, k)2 and introduce values

(+)

(=)
Bk —Bk+20(Bk+1—Bk), Bk :Bk—‘rQO'(Bk_l—Bk).

In these notations (12) takes a form Bj, = (B,(j)

another time by (B,(C et + B,(C "

ogously to the case of E, , one obtains

S (B B -+ (B ) (5 - ) =

+ Bk )/2 Multiplying (15) one time by (B,(j)n+1 + B,(:r) ),

) then summing the resulting products together and over grid points anal-

_ ZZ ( (+)n+1 n B;—i—)n n B;—)n+1 n B}i—)n) «

~n+1/2 ~n+1/2 ~n+1/2 ~n+1/2
wigri/zh/e ~ Eoijoromie Byivip ez = Eyici2ms1/2

h h

The left hand side of this equality can be transformed as

(+)n+1 (+)n (=)n+1 (=)n n
ZZ o {( + B, (B = Bp) + (B + B (Bt - Bia) =
7 (+)”+1 n (=)n+1 n (+)n n ~(—)n n
S (B ) - (8 B )} -

S (e ).

Finally, we arrive to the formula

ZZ = (B”“B"+1 BkB"> - 222( B 4B ) x

~n+1/2 ~n+1/2 ~n+1/2 ~n+1/2
wij+1/2k+1/2 ~ Boijrpnrre Eyiviojktr/z ~ Byic1/ojnt1/2
h h

(31)
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The sum of the right-hand sides of (30) and (31), multiplied by the speed of light ¢, has the following
form:
~n+1/2 ~n+1/2 En+1/2 En+1/2
QCZZ (B:j,gl',kﬂ/z"‘g:i,j,kﬂm) xi,j+1/2,k+1/2; zij—1/2,k+1/2 yi+1/2,j,k+1/2; yi—1/2,5,k+1/2 4
i,J  k
~n+1/2 ~n—1/2 B:1 j+1,k+1/2 — B:1 i k+1/2 Bni, j4+1/2,k+1 — Bni, j4+1/2,k
+ (Ezi,j+1/2,k¢+1/2 + Emi,j+1/2,k+1/2) ! - ? — - yrd . (32)
s . ~n+1/2 ~n—1/2 ~n ~n
Rewriting expression » (Em,j+1/2,k+1/2 + Ewi,j+1/2,k+1/2> (Bzi,j+1,k+1/2 - Bzi,j,k+1/2) as
i,5.k
~n+1/2 ~n—1/2 ~n ~n+1/2 ~n—1/2 ~n
Z (Ezi,j+1/2,k+1/2 + Ea:i,j+1/2,k+1/2) B i1 kt1/2 — Z (Em,j+1/2,k+1/2 + Em7j+1/27k+1/2> B ijkt1/2
.4,k i,k
and changing summation index j + 1 to j in the first sum, one can rewrite (32) as
~n+1/2 En+1/2 ~n—1/2 En71/2
~n+1 zij+1/2,k+1/2 ~ Lzij_1/2k+1/2 =n zij+1/2,k+1/2 ~ Laij—1/2,k+1/2
20 > 3 Blijkiip— — B jkt1/2 —~
A h h
~n+1/2 ~n+1/2
= nt1 = Eyiviyaght172 = Eyic12,5 04172
- (Bzi,j,k+1/2 + Bzi,j,k+1/2> h -
~n+1/2 ~n—1/2 an‘, i+1/2,k+1 — Bni, i+1/2,k
- (Ezi,j+1/2,k;+1/2 +Ezi,j+1/2,k+1/2) e h A (33)
From equations (30), (31), (33), we have
1 ad (+)n+1/2 +)n+1/2 ad (*)”+1/2 —)n+1/2
= ZZ { [nfﬂ/z (Ez' B L B o ) +
gk i
(F)In+1/2 (+)n+1/2 | 5(=)In+1/2 (—yn+41/2
+Whit1/ (‘]i JEmHE Jiv1 ‘]i(+1) / >+
~n+1 ~n+1/2 ~n+1/2
+2 Bzi,j,k+1/2 (BZH — (et /h) (Exi,j+1/2,k+1/2 - Exi,j—1/27k+1/2)):| -
~(+)n—1/2 n— ~(—=)n—-1/2 Nn—
- {”§+1/2 (EE e Bz +E1(‘+i / Ez(+1) 1/2) +

~(+)n—1/2 n— ~(=)n—=1/2 (_yp—
e (20RO G )

~n n ~n—1/2 ~n—1/2
+ 2B, 5i1/0 (B;C — (et /h) (Exi,j+1/2,k+l/2 - Eﬂ,j—l/&ﬂlﬂ))” =

o L2
B B" i+1/2,5,k+1/2 i—1/2,5,k+1/2
==D > Dlijip =203 ) (Bzi,j,k+1/2 + Bzi,j,k+1/2) B h B +
ij  k ik

~Nn ~n

- n+1/2 - n—1/2 Byijviy2ke1 = Byijri/2k
+ <E:ci,j+1/2,k+1/2 + Eaci,j+1/2,k+1/2> h

Taking other components of electromagnetic field into account and carrying out similar manipulations, we obtain
the conservation law

gntl —&n
Z i+1/2,5+1/2,k+1/2 i+1/2,5+1/2,k+1/2 _ Z (

n n n
. Dwi-&-% + Dyj-&-% + Dzk-i—%) :
1,5,k 1,5,k
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Here D;”j 4120 D%y /o are dissipative terms connected with y, z components of electric field in full analogy

with the case of D7, | /2 The energy density is given by the formula
gntl _ .2 =(+)n+1/2 (+)n+1/2 E(*)n+1/2 (—)n+1/2
i+1/2,j41/2.k41/2 = Pit1/2,5+1/2,k+1/2 \Poij+1/2,k+1/28 5 41 /2, k4172 T Laittj+1/2,k+1/28% 41,541 /2,k41/27T

=(+)n+1/2 (+)n+1/2 =(=)n+1/2 (—)n+1/2 =(+)n+1/2 (+)n-+1/2
FEyiv12g k128 01050012 T Eyiviyzgrieri2 Byt o pie T Eeivizgrenls ivije 16T

=(=)n+1/2 (—)n+1/2 2 ~(+)n+1/2 (+)n+1/2
+E, i+1/2,j+1/2,k‘+1Ezi+1/2,j+1/2,k+1) +Whir1/2.541/2,k41/2 (Jwi,j+1/2,k+1/2 wivj+1/2k+1/2T

~(=)n+1/2 (—)n+1/2 ~(+)n+1/2 (+)n—+1/2 ~(=)n+1/2 (—)n+1/2
Juivtgri/2ht1/290 i1 12012 T yivy2ger2dy i 2 a7 Jyivi2ga k29 i 2 e et

2(+)n+1/2 (+)n+1/2 <(=)n+1/2 (—)n+1/2
Jz i+1/2,j+1/2,kY 2i4+1/2,54+1/2,k + Jz i+1/2,j+1/2,k+1‘]zi+1/2,j+1/2,k+1) +

~n+1 41 ~n+1/2

~n+1 n+1 antl/2
T Byijri/2k (Byi,j+1/2,k +er (rOt E )yi,jﬂ/z,k) +

~n+1 n+1 ~n+1/2
Bk <B“’j’k“/2 ter (rot E )zi,j,kﬂ/zﬂ . (34

Here (rot E"t1/ 2)95 y.. Are finite-difference analogues of the x, y, z components of rot E, calculated in the

'Y

corresponding points.
Formula (34) is a quadratic form of E"+/2 jnt1/2  B"+l  The diagonal part of the form, as it was

= n+1/2
mentioned above, is positive. Non-diagonal terms, associated with rot E"T / are proportional to ¢7/h. Thus,
if ¢r/h is sufficiently small, the quadratic form (34) for the energy €ZL++11/2’J. 1/2k41)2 is positively definite. This
provides numerical stability of the scheme [8].

~nt1 ~nt1/2
The term B::j,k-%l/? <B”"’1 +ecr (rot B

k412 > appearing in (34) can be written shorter

)z bg, k4172
=n+1 n - . . . . .
as B jk+1/2 BY; jjt1/o- Similar notational simplification can be also done for the terms with x, y components

of magnetic field. But in this form the belonging of the electromagnetic field to the certain step of time in the
energy expression (34) becomes not obvious.

. . . ~n+1 .
It is better to rewrite sums like ) B:m,kH/QB in the form

1,5,k

~n+1 n+1 ~n+1 n+1
§ (Bzi,j,k+1/2Bz7;1j7k+1/2 + Bzz‘+1,j,k+1/QBzz’+1,j,k+1/2+
i,k

n+1
z1,5,k+1/2

+B::r,;+1,k+1/2B:L-1+1,k+1/2 + B:?—:l,j-&-l,k+1/2B:;“—+11,j+1,k+1/2) /4
for a symmetry. This was not done in (34) for the sake of brevity.

To check the obtained results, two-dimensional test problems were solved. In the first problem a square
computational domain with size 50 x 50 microns in (z, z) plane is considered. The periodic boundary conditions
in both coordinates are used. A strip 0 < z; < z < 29 < 50 pm is occupied by plasma with wg about or less
a few tenths fs~2 and with n? about a few units. Concrete parameters are varied. The dissipative coefficients
are assumed to be zero. There is a vacuum in the regions z > 25 and z < z;. The electromagnetic field has y-
component of the magnetic field and z- and z-components of the electric field. Note that E, has a discontinuity
on the vacuum-plasma interface. Initially the magnetic field has a Gaussian distribution and E, = E, = 0. The
scheme parameter o is set to 0, 1/12, 1/6. The calculations show that in this problem the energy changes with
time in 11-12-th decimal place.

Another solved problem is the propagation of a focused femtosecond laser pulse incident at an angle of 7/4
onto a plate of ionized glass. The problem has 2D slab (2-z) geometry with nonzero E,, E., B, polarization.
The pulse is initiated by boundary condition on z = 0. The details are presented in [9]. Initially the energy
is put into the calculation region. But there is an interval when the pulse is more or less isolated from the
boundaries. The calculations show that on this interval the energy changes in 5-th digit.
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4. Conclusion. Let us turn to summarizing the results. The analytical proof of the energy conservation
law for the scheme (4)—(24) is given in the presented paper. The solution of 2D test problems shows that
the finite-difference analog of the energy is conserved up to rounding errors in the case of perfectly isolated
radiation. When the influence of the boundary is not negligible, but the boundary is sufficiently far from the
electromagnetic pulse, the energy is conserved with high accuracy as well.

Now we specify some remarks. Very often in the laser-matter interaction modeling the carrier fre-

0 0
quency w is separated out. In this case, the derivative o is replaced by 5% iw and values FE, J, B

become complex [6, 9]. In the scheme (4)—(24) it is necessary to replace expressions like (f"*! — f)/7 by
((fmTt = f™) /7 —iw(f"T + f*)/2) [6, 9]. The energy conservation law has a similar view in this case. All

computations above will be the same. The only difference is that multiplication by the complex conjugation

values is required. For example, (EEHHH/2 +E(+)n71/2) (E§+)n+1/2 — E,(+)n71/2) should be replaced by

? K2

< <E§+)n+1/2 I Eé(+t)n71/2)* <Ei(+)n+1/2 . Ei(-i-)n—l/Q) + CC)

7

The parameter ¢ is constant in the above considerations. But the energy conservation law also holds if it
depends on the coordinates and on the component of the electromagnetic field. In this case, we have

=(+)n+1/2 _ (H)n+1/2 95 E® go)nt1/2 (+)n+1/2
vig+1/2k+1/2 = Loijiija e T 20512 51172 0412 \ B ibr 2 hr1/2 ~ Pailjal/2.h41/2
=(—)n+1/2 _ (—)n+1/2 95 E® (+)n+1/2 (—)n+1/2
xitl,54+1/2,k+1/2 = Hritl,j4+1/2,k+1/2 + Oi41/2,j41/2,k+1/2 xi,j+1/2,k+1/2  Txitl,j4+1/2,k+1/2) 0
= (+)n+1/2 _ pltnt1/2 9 (=)n+1/2 (+)n+1/2
yitl/2,5,k+1/2 = Hyi+1/2,5,k+1/2 + Uz+1/2 J+1/2,k+1/2 yi+1/2,j+1,k+1/2  Tyit1/2,5,k+1/2
=(—)n+1/2 _ (—)n+1/2 9 (+)n+1/2 (—)n+1/2
yid+1/2,j+1,k4+1/2 = Hyit1/2,541,k+1/2 + ‘71+1/2 J+1/2,k+1/2 yi+1/2,5,k+1/2  Tyit+1/2,54+1,k+1/2
= (+)n+1/2 _ (+H)n+1/2 95 E> gont1/2 (+)n+1/2
zi+1/2,j+1/2,k — Taiv1/2,5+1/2.k + Ti+1/2,j4+1/2,k+1/2 2i4+1/2,j41/2,k+1 ~ Tzi+1/2,54+1/2,k )
=(=)n+1/2 _ a(—)n+1/2 95 E> (+)n+1/2 (—)n—+1/2
zi+1/2,5+1/2,k+1 = Fzi+1/2,j4+1/2,k+1 + Ti+1/2,j4+1/2,k+1/2 2i4+1/2,54+1/2,k = Tzi+1/2,j4+1/2,k+1
7 (+)n _ pH)n B (=)n (+)n
Biivij2k = B;m’+1/2,j,k + 2035k (Bm+3/2,; E Bxi+1/2,j,k) )
=(=)n _ pl)n (+)n
BJJ i+3/2,5,k — B;c i+3/2,5,k + 201 2J5k (Bgc i+1/2,5,k xz+3/2,j k)
=()n () Bn Bn
Byi,j+1/27k - Byz‘,j+1/2,k + 2‘7 1,7, k ( yi,j+3/2,k yw+1/2 k)
5(=)n _ p=)n By
yi,j+3/2,k — Byz j+3/2,k + 20; i,5,k (Byl,_]-‘rl/Q k yw+3/2 k)
=(+)n () +)n
zi,5,k+1/2 — Bz i,5,k+1/2 + 20-1 WJok zz,j,k+3/2 zz,],k+1/2>
~(=)n o (=)n (+)n
zi,4,k+3/2 = Bzz,],k+3/2 + 20%3 k (Bzz',j,k+1/2 zz,j,k+3/2)

These formulas can be useful for modeling complex materials.
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